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We theoretically investigate the non-equilibrium quantum dynamical theory of a quantum dot
system coupled to fermionic reservoirs using the recently developed stochastic fermionic quantum
state diffusion (FQSD) equation. The exact or approximate dynamical equations associated with the
FQSD equation can describe the non-equilibrium quantum transport processes beyond the long-time
limit leading to a steady state. We study in details the electron transport of a quantum-dot system
coupled to two fermionic environments with different chemical potentials. We report the onset
of Coulomb blockade in quantum dots in two distinctive cases: one involving a spin degeneracy
one-quantum dot model, and the other a specific spin non-degeneracy two-quantum dot model.
While the spin degeneracy case shows that the current in the quantum dot may be blockaded
non-monotonically with respect to Coulomb energy, the non-degeneracy case exhibits significant
non-Markovian effects, and it enables us to study the relations between initial conditions of the dots
and the steady state currents.
PACS numbers: 03.65.Yz, 05.30.Fk, 42.50.Lc, 05.40.-a
I. INTRODUCTION
As a potential candidate of quantum devices in the
implementation of quantum information processing [1–
5], quantum dot systems and their quantum transport
phenomena have been studied extensively from differ-
ent points of view [6–8]. From a viewpoint of quan-
tum open system, the source and drain in the electron
transport may be modelled by two thermal equilibrium
reservoirs with two different chemical potentials. Tradi-
tionally, treatments of the interaction of a small quantum
system with an environment are based on a variety of ap-
proaches, such as the many-body Schro¨dinger equation,
the non-equilibrium Green’s function method [9, 10],
the input-output approach [11], the path integral ap-
proach [12–15], and the stochastic Schro¨dinger equa-
tion (SSE) method [16–23]. More specifically, the
SSE method represented by a non-Markovian quantum
state diffusion (QSD) equation can simulate the non-
Markovian features of the open quantum systems arising
in many interesting scenarios such as a structured envi-
ronment, a time-delayed external control, or the strong
system-environment coupling etc. Such a non-Markovian
approach will be useful for studying the temporal be-
haviour of quantum transport processes in different time
scales that is of interest from recent attempts in under-
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standing quantum decoherence and non-equilibrium dy-
namics. Several approaches have been studies recently
including a non-Markovian master equation (ME) for
quantum dots coupled to fermionic non-Markovian en-
vironments derived by using the Feynman-Vernon influ-
ence functional (IF) approach [24]. A different treat-
ment based on the fermionic non-Markovian stochastic
Schro¨dinger equation (NMSSE) method has been devel-
oped [25–27], and it has been demonstrated that the ex-
act ME can be derived for a quadratic Hamiltonian. For
a system with a more generic non-quadratic Hamiltonian,
a systematic perturbation is available for numerical cal-
culations.
The purpose of this paper is to study quantum dy-
namical processes of a class of quantum dot systems
coupled to one or more fermionic reservoirs by using
the perturbative NMSSE method. We use the NMSSE
method [25–27] to derive non-Markovian MEs for the
density operators of quantum dot systems coupled to
their fermionic environments. We show, in particu-
lar, that the NMSSE with quartic interaction terms
(Coulomb interaction terms) plays an important role in
describing a non-equilibrium process such as the tempo-
ral behaviours of the quantum transport processes. We
show that the transport processes with the Coulomb in-
teraction can be studied with an approximate ME, and
in case of the absence of the Coulomb interaction, an
exact ME can be obtained from NMSSE in a straight-
forward manner. It should be noted that the Coulomb
blockade effects are studied for both spin degeneracy and
non-degeneracy cases. In the latter case, we report the
observation of a correlated noise arising from two sepa-
2rate fermionic reservoirs.
The paper is organized as follows. In Sec. II, we be-
gin with a brief introduction of the NMSSE and a generic
non-MarkovianME derived from the NMSSE for the den-
sity operator of a single quantum dot coupled to the
source and drain modelled by two fermionic reservoirs.
Then we discuss the effect of Coulomb blockade in two
model systems in Sec. III. In the spin degeneracy one-
quantum dot model, we investigate the influence of the
bandwidth and chemical potential on the Coulomb block-
ade effect. In addition, in the spin non-degeneracy two-
dot model, with the two-quantum dot resonance condi-
tion we show that the steady state current is sensibly
dependent on the initial states of the quantum dots. Our
discussions and final comments are presented in Sec. IV.
Appendix A gives the details of the numerical algorithm
for the evaluation of the coefficients of the exact ME in
Sec. II.
II. TRANSPORT BETWEEN TWO
ENVIRONMENTS THROUGH A QUANTUM
DOT
To begin with, we consider a simple system composed
of a single quantum dot coupled to two fermionic en-
vironments which correspond to a source and a drain,
respectively, as shown in Fig. 1. The environments may
represent electrodes or impurities. We assume that the
Ω
FIG. 1. A schematic diagram of a single quantum dot with
electrons transported between two environments.
potential barriers between the quantum dot and environ-
ments can localize the electron’s mode in the dot, but
still permits the electron tunnel processes. In this case,
the Hamiltonian of the total system can be written in
the framework of system-plus-environment (we set ~ = 1
throughout the paper):
Hˆtot = HˆS + HˆI + HˆE, (1)
where HˆS = Ωdˆ
†dˆ is the Hamiltonian of the quan-
tum dot, HˆE =
∑
k ωk(bˆ
′
1k
†bˆ′1k + bˆ
′
2k
†bˆ′2k) is the
Hamiltonian of the source and drain, and HˆI =∑
k
∑
j=1,2 tjk
(
dˆ†bˆ′jk + bˆ
′
jk
†dˆ
)
is the interaction Hamil-
tonian between the dot and the environments (source and
drain). Here, dˆ† and dˆ are respectively the fermionic
creation and annihilation operators of the electrons in
the quantum dot, and bˆ′†jk and bˆ
′
jk are respectively the
fermionic creation and annihilation operators of the kth
mode of the jth environment (j = 1, 2), and tjk stands
for the coupling strength between the quantum dot and
the kth mode of the jth environment. The fermionic
operators satisfy the well-known anticommutation rela-
tions: {dˆ†, dˆ} = 1, {bˆ′†jk, bˆ′j′k′} = δkk′δjj′ , and {bˆ′†jk, dˆ} =
{dˆ†, bˆ′jk} = 0. For simplicity, we have assumed that tjk
are real numbers without losing generality.
The initial states of the environments are set as two
thermal equilibrium states at the same temperature T ,
but with different chemical potentials µj . The NMSSE
method for the thermal environments can be treated by
using a Bogoliubov transformation to convert a thermal
environment problem to that for a vacuum environment.
For this purpose, we first decompose the thermal state
into an entangled pure state:
(1− n¯jk)|0b′
jk
〉〈0b′
jk
|+ n¯jk|1b′
jk
〉〈1b′
jk
|
→√1− n¯jk|0b′
jk
, 0c′
jk
〉+√n¯jk|1b′
jk
, 1c′
jk
〉. (2)
n¯jk is the average number of electrons in the kth mode of
the jth environment ωk bˆ
′
jk
†bˆ′jk, which satisfies the Fermi-
Dirac distribution n¯jk = 1/(1 + e
β(ωk−µj)), here β is
the inverse temperature β = 1/(kBT ). c
′
jk is a fictitious
mode corresponding to the negative energy: −ωkcˆ′jk†cˆ′jk
which may be understood as a electron hole. The in-
troduction of those electron-hole pairs can essentially
transform the finite-temperature problem into a zero-
temperature one. The hole system introduced this way is
not interacting with the electron reservoirs, so it does not
affect the system dynamics, but simply serves as ancilla
qubits for purification of the environments. In fact, if we
trace out all the fictitious modes of the entangled pure
state, the thermal state of b′jk can be obtained. Then we
apply a Bogoliubov transformation to convert such an
entangled pure state into a vacuum. More specifically, if
we choose the following transformation:
bˆjk =
√
1− n¯jk bˆ′jk −
√
n¯jk cˆ
′
jk
†,
cˆjk =
√
1− n¯jk cˆ′jk +
√
n¯jk bˆ
′
jk
†, (3)
while its inverse is
bˆ′jk =
√
1− n¯jk bˆjk +
√
n¯jk cˆ
†
jk,
cˆ′jk =
√
1− n¯jk cˆjk −
√
n¯jk bˆ
†
jk, (4)
then the entangled state in Eq. (2) may be converted to a
vacuum corresponding to the annihilation operators bˆjk
and cˆjk:√
1− n¯jk|0b′
jk
, 0c′
jk
〉+√n¯jk|1b′
jk
, 1c′
jk
〉 → |0bjk , 0cjk〉.(5)
Following the transformation, the Hamiltonian (1) the
takes the following form:
Hˆ ′tot = Ωdˆ
†dˆ+
∑
k
∑
j=1,2
ωk
(
bˆ†jk bˆjk − cˆ†jk cˆjk
)
+
∑
k
∑
j=1,2
(tbjk dˆ
†bˆjk + tcjk dˆ
†cˆ†jk +H.c.), (6)
3where tbjk ≡
√
1− n¯jktjk and tcjk ≡
√
n¯jktjk. There-
fore, if we choose the initial state of the environment
modes bjk and cjk in the Hamiltonian (6) to be a vac-
uum state, then by tracing over all c′jk modes we will
get the Hamiltonian (1) involving only the environment
modes b′jk, which are initially in a thermal state.
In what follows, we will develop an NMSSE approach
and define the fermionic quantum trajectory for the
quantum dot system. The NMSSE approach will involve
the Grassmann-Bargmann (GB) coherent state represen-
tation [28], which may stimulate an anti-commutating
Gaussian noise. The GB coherent state representation is
defined as
‖ξ〉 ≡
∏
j=1,2;k
(1− ξbjk bˆ†jk)(1 − ξcjk cˆ†jk)|vac〉E, (7)
where ξbjk and ξcjk are independent Grassmann vari-
ables, and ξ is a collective notation. A fermionic quantum
trajectory can be defined as the inner product of the GB
coherent states and the wave function of the total system
|ψItot(t)〉:
|ψt(ξ∗)〉 ≡ 〈ξ‖ψItot(t)〉
= 〈ξ‖ei
∑
j=1,2;k ωk(bˆ
†
jk
bˆjk−cˆ
†
jk
cˆjk)t|ψtot(t)〉. (8)
The reduced density operator of the quantum dot system
can be obtained by taking the mean value of the fermionic
quantum trajectories over the Grassmann variables:
ρˆr=
∫
Dg[ξ]|ψt(ξ∗)〉〈ψt(−ξ)|=M(|ψt(ξ∗)〉〈ψt(−ξ)|), (9)
where the Grassmann-Gaussian measure is defined as
Dg[ξ] ≡
∏
λ=b,c
∏
j=1,2;k
(dξ∗λjkdξλjke
−ξ∗λjk
ξλjk ), (10)
and M(· · · ) stands for the fermionic stochastic mean
value. The time evolution of the trajectories is governed
by the NMSSE:
∂t|ψt(ξ∗)〉 =
(
− iHˆS +
∑
j=1,2
(−dˆ†Q¯bj − dˆξ∗bjt + dˆ†ξ∗cjt
+dˆQ¯cj )
)
|ψt(ξ∗)〉, (11)
where the stochastic processes and Q-operators are de-
fined as follows,
ξ∗bj t ≡ −i
∑
k
tbjke
iωktξ∗bjk , Kbj (t, s) =
∑
k
t2bjke
−iωk(t−s),
ξ∗cjt ≡ −i
∑
k
tcjke
−iωktξ∗cjk , Kcj(t, s) =
∑
k
t2cjke
iωk(t−s),
Q¯λj (t, ξ
∗) ≡
∫ t
0
dsKλj (t, s)Qˆλj (t, s, ξ
∗), (λ = b, c),
Qˆλj (t, s, ξ
∗)|ψt(ξ∗)〉 ≡ −→δ ξ∗
λjs
|ψt(ξ∗)〉, (12)
in which
−→
δ ξ∗
λjs
means the left-functional-derivative with
respect to noise ξ∗λjs, and Kλj (t, s) are correlation func-
tions defined as Kλj (t, s) ≡ M(ξλj tξ∗λjs). Eq. (11) is
also called the fermionic quantum state diffusion (FQSD)
equation.
When we apply an extended Novikov theorem (for the
bosonic case, see Ref. [29]) to calculate the stochastic
mean value: M(ξ∗λj tPˆ ), where Pˆ ≡ |ψt(ξ∗)〉〈ψt(−ξ)|, a
formal non-Markovian ME is derived:
∂tρˆr = −i[HˆS, ρˆr] +
∑
j
([M(Q¯bj (t, ξ∗)Pˆ ), dˆ†]
+
[
dˆ,M(Q¯cj (t, ξ∗)Pˆ )
]
+H.c.
)
. (13)
Using the Heisenberg approach, the mean value terms
above can be exactly evaluated:
M(Q¯bj (t, ξ∗)Pˆ − (Q¯cj (t, ξ∗)Pˆ )†)
= F1j(t)dˆρˆr(t) + F2j(t)ρˆr(t)dˆ, (14)
where the expressions of Fij can be found in Appendix
A. By substituting Eq. (14) into Eq. (13), we obtain the
ME:
∂tρˆr=−i[HˆS, ρˆr]+
∑
j
(
[F1j dˆρˆr+F2j ρˆrdˆ, dˆ
†] + H.c.
)
. (15)
Analogue to the classical continuity equation: ∂tρ+∇·
~j = 0, the current of the quantum dot can be connected
to the change rate of the particle number. We split the
formal ME (13) into a system part and two environment-
involved parts:
∂tρˆr = −i[HˆS, ρˆr] + (vˆ1d − vˆd2), (16)
where vˆ1d and vˆd2 are defined as
vˆ1d ≡
(
[M(Q¯b1 Pˆ ), dˆ†]+[dˆ,M(Q¯c1Pˆ )] + H.c.
)
,
vˆd2 ≡
(
[dˆ†,M(Q¯b2 Pˆ )]+[M(Q¯c2Pˆ ), dˆ]+ H.c.
)
. (17)
Usually HˆS commutes with the system particle number
operator Nˆ , so we have
∂tTr(ρˆr(t)Nˆ) = −iTr(HˆSρˆrNˆ − ρˆrHˆSNˆ)
+Tr(vˆ1dNˆ − vˆd2Nˆ)
= Tr(vˆ1dNˆ − vˆd2Nˆ). (18)
Corresponding to the ∇ · ~j term, we can define I1d ≡
qeTr
(
vˆ1dNˆ
)
, and Id2 ≡ qeTr
(
vˆd2Nˆ
)
, which stand for the
expectation values of currents with respect to directions:
1 → d and d → 2 respectively. Here 1 and 2 denote the
1-st and the 2-nd environment, d denotes the quantum
dot, and qe is the charge of one electron.
By comparing Eq. (14) with Eq. (17), the currents may
be obtained:
vˆ1d = [F11dˆρˆr + F21ρˆrdˆ, dˆ
†] + H.c.,
vˆd2 = [dˆ
†, F12dˆρˆr + F22ρˆrdˆ] + H.c.,
I1d = −2qe(FR21ρ00 + FR11ρ11),
Id2 = 2qe(F
R
22ρ00 + F
R
12ρ11), (19)
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FIG. 2. Single quantum dot interacting with double en-
vironments. The initial state of the dot system is ρˆr(0) =
|vacS〉〈vacS|. The parameters are set as Λ = 0.05, ∆ω =
2piGrad/s, T = 2K, µ1 = 40meV, µ2 = 0 and Ω = 30meV.
where the elements ρ00 and ρ11 are defined as ρˆr ≡
ρ00|0〉〈0| + ρ11|1〉〈1|, and the superscript R denotes the
real part of a complex number.
For simplicity, we use the Lorentzian spectrum in our
numerical simulations:
t2jk = Λ
2Ω∆ω
b2
(ωk/Ω− 1)2 + b2 , (20)
where ∆ω is the eigen-frequency spacing of the dis-
crete spectrum, the two environments are represented
by the same relative bandwidth b and the same cou-
pling strength factor Λ. In Fig. 2, we can see how the
bandwidth b influence the currents in the extreme non-
Markovian case. When b decreases, the amount of the
currents reduces to 0, and the oscillation start to take
place. The difference between I1d and Id2 is related to
Tr
(
dˆ†dˆ ∂tρˆr(t)
)
, so if ρˆr has a steady state, ∆I ≡ I1d−Id2
will converge to 0. In Fig. 3, we can see that the aver-
age current: I ≡ (I1d + Id2)/2 is smoother than I1d and
Id2, and display a simpler dissipated oscillation pattern.
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FIG. 3. Single quantum dot interacting with double environ-
ments. The initial state of the system is: ρˆr(0) = |vacS〉〈vacS|.
The parameters are set as Λ = 0.05, ∆ω = 2piGrad/s,
T = 2K, µ1 = 40meV, µ2 = 0 and Ω = 30meV.
Actually, in this model I(t) will not be affected by ρˆr(0)
due to the symmetry between the spectrum t1k and t2k.
In Fig. 3, we can see that when the bandwidth be-
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FIG. 4. Single quantum dot interacting with double environ-
ments. The initial state of the system is: ρˆr(0) = |vacS〉〈vacS|.
The commonly shared parameters are set as Λ = 0.05,
∆ω = 2piGrad/s, b = 0.002, Ω = 30meV, µ2 = 0. The
other parameters are set as (a) T = 2K; (b) µ1 = 30.5meV.
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FIG. 5. Single quantum dot interacting with double environ-
ments. The initial state of the system is: ρˆr(0) = |vacS〉〈vacS|.
The commonly shared parameters are set as Λ = 0.05,
∆ω = 2piGrad/s, Ω = 30meV, µ2 = 0. The other param-
eters are set as (a) T = 2K; (b) µ1 = 31meV.
comes bigger, the current I approaches the steady state
faster, the oscillation of the current gets weaker, and be-
yond a threshold of the bandwidth the oscillation disap-
pears. To evaluate how fast the current I approaches
its steady state in the extreme non-Markovian case, we
plot the stationary point of the current (where the time
derivative equals 0) in Fig. 4.
Fig. 4 shows that the chemical potential and temper-
ature have no visible influence on the value tp, where tp
is the time coordinate corresponding to the first turning
point of the current. Therefore, it shows that the band-
width b is the only important factor that can help I to
reach its steady value faster. In Fig. 5, the irrelevances
between µ1, T and tp are further demonstrated and we
can see how the bandwidth influences the tp. In both (a)
and (b), the bandwidth range starts from 0.001.
Now we use ME to discuss the steady state current
denoted as Ist ≡ I(t→∞). In Fig. 6, we plot the 3-D
figure of Ist(b, µ1), and we see that there are two relative
flat regions corresponding to the top part and bottom
part respectively, and between these two there are two
relative linear regions. Note that the bandwidth b starts
5b
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FIG. 6. Single dot interacting with double environments. The
initial state of the system is: ρˆr(0) = |vacS〉〈vacS|. The pa-
rameters are set as Λ = 0.05, ∆ω = 2piGrad/s, Ω = 30meV,
T = 2K, µ2 = 0.
from 0.002 in Fig. 6.
III. EFFECT OF THE COULOMB BLOCKADE
IN NON-MARKOVIAN ENVIRONMENTS
We now turn to the problem of the transport involving
the Coulomb blockade effect. When there are more than
one electrons in the dot or there are more than one dots in
the system, the Coulomb repulsion between electrons or
dots may blockade the current [30–33]. Such an effect can
be applied to measure the state of the dot or control the
current. In this section, we will use approximate MEs
to investigate the Coulomb blockade effect in the non-
Markovian case. We consider two separate cases. In the
first case, the spin degrees of freedom will be taken into
account, the second case will address a non-degeneracy
situation, which will lead to interesting correlated noises
phenomena.
A. Coulomb blockade in the spin degeneracy
situation
In this model we suppose all the energy levels in the
environments or in the dot contain two modes which cor-
respond to spin up and spin down, respectively. We as-
sume that when the electrons tunnel in or tunnel out of
the dot, their spins do not flip, as illustrated in Fig. 7.
In this case, the Hamiltonian can be written as
Hˆtot =
∑
σ=↓,↑
Ωdˆ†σ dˆσ +Ωcdˆ
†
↓dˆ↓dˆ
†
↑dˆ↑ +
∑
k,σ
(
dˆ†σ(t1k bˆ
′
1kσ
+t2kbˆ
′
2kσ) + (t1k bˆ
′
1kσ
† + t2k bˆ
′
2kσ
†)dˆσ
)
+
∑
k,σ
ωk(bˆ
′
1kσ
† bˆ′1kσ + bˆ
′
2kσ
† bˆ′2kσ), (21)
where HˆS =
∑
σ=↓,↑ Ωdˆ
†
σ dˆσ + Ωcdˆ
†
↓dˆ↓dˆ
†
↑dˆ↑ is the Hamil-
tonian of the quantum dot, and Ωc is the the Coulomb
repulsion energy between the electrons.
FIG. 7. A schematic diagram of a quantum dot coupled to
two environments with chemical potentials µ1 and µ2. A sin-
gle electron either spin up or spin down can be transported
through the quantum dot.
The method used here closely follows the presentation
in Sec. II. By applying the purification and Bogoliubov
transformations to the two environments in thermal equi-
librium states, we introduce eight independent Grass-
mann Gaussian stochastic processes:
ξ∗bjσt ≡ −i
∑
k
√
1− n¯jkσ tjkeiωktξ∗bjkσ
≡ −i
∑
k
tbjke
iωktξ∗bjkσ ,
ξ∗cjσt ≡ −i
∑
k
√
n¯jkσ tjke
−iωktξ∗cjkσ
≡ −i
∑
k
tcjke
−iωktξ∗cjkσ , (22)
and altogether sixteen Q-operators corresponding to
these Grassmann stochastic processes:
Q¯ν(t, ξ
∗) ≡
∫ t
0
dsKν(t, s)Qˆν(t, s, ξ
∗),
Qˆν(t, s, ξ
∗)|ψt〉 ≡ −→δ ξ∗νs |ψt(ξ∗)〉, (23)
where the non-commutative noises satisfy M(ξ∗νt) =
M(ξ∗νtξ∗µ′s) = 0, and M(ξνtξ∗ν′s) = δνν′Kν(t, s). Here
Kν(t, s) are the correlation functions of the noises, and
the index ν = b1↓, b1↑, b2↓, b2↑, c1↓, c1↑, c2↓, c2↑. Since the
spectrum is symmetric with respect to spin interchange,
the correlation functions satisfy Kλj↓(t, s) = Kλj↑(t, s),
where λ = b, c and j = 1, 2. Thus, we will eliminate the
spin index in the correlation functions in this subsection
6hereinafter:
Kbj(t, s) =
∑
k
t2bjke
−iωk(t−s),
Kcj(t, s) =
∑
k
t2cjke
iωk(t−s), (24)
Then the fermionic QSD equation can be derived:
∂t|ψt(ξ∗)〉 =
(− iHˆS +∑
σ
∑
j=1,2
(ξ∗bjσtdˆσ − ξ∗cjσtdˆ†σ
−dˆ†σQ¯bjσ + dˆσQ¯cjσ)
)|ψt(ξ∗)〉. (25)
We can see that the functional form of the coupling
terms with ξ∗λ1σt in Eq. (25) is the same as the ones
with ξ∗λ2σt, so their functional derivatives should equal:−→
δ ξ∗
λ1σs
|ψt(ξ∗)〉 = −→δ ξ∗
λ2σs
|ψt(ξ∗)〉, which means Qˆλ1σ =
Qˆλ2σ . Thus, we will eliminate the index j in Qˆλjσ in this
subsection hereinafter. Q¯ν can also be simplified. We de-
fine Kλ(t, s) ≡
∑
j Kλj (t, s), and Q¯λσ ≡
∑
j Q¯λjσ , then
we have Q¯λσ(t, ξ
∗) =
∫ t
0
dsKλ(t, s)Qˆλσ (t, s, ξ
∗).
The evolution of the Q-operators is governed by the
equations and boundary conditions:
∂tQˆλσ (t, s, ξ
∗) = [−iHˆS +
∑
σ
∑
j=1,2
(ξ∗bjσtdˆσ − ξ∗cjσtdˆ†σ)
+
∑
σ
(dˆσQ¯cσ − dˆ†σQ¯bσ ), Qˆλσ (t, s, ξ∗)]
+
−→
δ ξ∗
λ1σs
∑
σ
(dˆσQ¯cσ − dˆ†σQ¯bσ), (26)
Qˆbσ (t=s, s, ξ
∗)= dˆσ , Qˆcσ(t=s, s, ξ
∗)=−dˆ†σ, (27)
which can be derived from the consistency conditions:
∂t
−→
δ ξ∗
λjσs
|ψt(ξ∗)〉 = −→δ ξ∗
λjσs
∂t|ψt(ξ∗)〉. In this model, the
Q-operators will involve the noise terms up to infinite
degree, however when the coupling strength between the
system and environments is weak, the zeroth order ap-
proximation is proved to be a good approximation for
perturbation.
If we neglect all the noise terms in Eq. (26), an ap-
proximate equation can be obtained:
∂tQˆλσ ≈ [−iHˆS +
∑
σ
(dˆσQ¯cσ − dˆ†σQ¯bσ), Qˆλσ ]. (28)
We use Qˆ
{0}
λσ
and Q¯
{0}
λσ
to denote these approximate Q-
operators. Then Eq. (28) can be rewritten as
∂tQˆ
{0}
λσ
= [−iHˆS +
∑
σ
(−dˆ†σQ¯{0}bσ + dˆσQ¯{0}cσ ), Qˆ
{0}
λσ
], (29)
where the boundary conditions are Qˆ
{0}
bσ
(t = s, s) = dˆσ
and Qˆ
{0}
cσ (t = s, s) = −dˆ†σ. When the Coulomb interac-
tion is present, the zeroth order Q-operators are of such
forms:
Q¯
{0}
bj↓
= Fbj↓ (t)dˆ↓ +Gbj↓(t)dˆ↓dˆ
†
↑dˆ↑
=
∫ t
0
dsKbj (t, s)
(
fb↓(t, s)dˆ↓ + gb↓(t, s)dˆ↓dˆ
†
↑dˆ↑
)
,
Q¯{0}cj↓ = Fcj↓(t)dˆ
†
↓ +Gcj↓(t)dˆ
†
↓dˆ
†
↑dˆ↑
=
∫ t
0
dsKcj (t, s)
(
fc↓(t, s)dˆ
†
↓ + gc↓(t, s)dˆ
†
↓dˆ
†
↑dˆ↑
)
,
Q¯
{0}
bj↑
= Fbj↑ (t)dˆ↑ +Gbj↑(t)dˆ↑dˆ
†
↓dˆ↓
=
∫ t
0
dsKbj (t, s)
(
fb↑(t, s)dˆ↑ + gb↑(t, s)dˆ↑dˆ
†
↓dˆ↓
)
,
Q¯{0}cj↑ = Fcj↑(t)dˆ
†
↑ +Gcj↑(t)dˆ
†
↑dˆ
†
↓dˆ↓
=
∫ t
0
dsKcj (t, s)
(
fc↑(t, s)dˆ
†
↑ + gc↑(t, s)dˆ
†
↑dˆ
†
↓dˆ↓
)
. (30)
Due to the symmetry with respect to spin interchange
in Eq. (29), we have the following relations: fλ↓ = fλ↑ ,
gλ↓ = gλ↑ , Fλj↓ = Fλj↑ , Gλj↓ = Gλj↑ , λ = b, c, and
j = 1, 2. Subsequently, we may drop the index σ in fλσ ,
gλσ , Fλjσ and Gλjσ in this subsection from now on. By
substituting the expansions in Eq. (30) into Eq. (29), the
equations of fλ and gλ can be obtained:
∂tfb(t, s) =
(
iΩ+
∑
λ
∑
j=1,2
Fλj (t)−
∑
j=1,2
Gcj (t)
)
fb(t, s),
∂tfc(t, s) = −
(
iΩ+
∑
λ
∑
j=1,2
Fλj (t)−
∑
j=1,2
Gcj (t)
)
fc(t, s),
∂tgb(t, s) =
(
iΩ+
∑
λ
∑
j=1,2
Fλj (t)−
∑
j=1,2
Gcj (t)
)
gb(t, s)
+
(
iΩc + 2
∑
λ
∑
j=1,2
Gλj (t)
)(
fb(t, s) + gb(t, s)
)
,
∂tgc(t, s) = −
(
iΩ+
∑
λ
∑
j=1,2
Fλj (t)−
∑
j=1,
Gcj (t)
)
gc(t, s)
−(iΩc + 2∑
λ
∑
j=1,2
Gλj (t)
)(
fc(t, s) + gc(t, s)
)
,
(31)
where the boundary conditions are fb(t=s, s)=1, fe(t=
s, s)=−1, gλ(t=s, s)=0.
Once the coefficients of Q-operators are solved, we then
can easily derive the ME for the density operator of the
system:
∂tρˆr = −i
[
Ωdˆ†↓dˆ↓ +Ωdˆ
†
↑dˆ↑ +Ωcdˆ
†
↓dˆ↓dˆ
†
↑dˆ↑, ρˆr
]
+
(∑
σ
(Fcdˆσ dˆ
†
σ − Fbdˆ†σ dˆσ +Gcdˆ†σ dˆσ)ρˆr
−2(Gb +Gc)dˆ†↓dˆ↓dˆ†↑dˆ↑
)
ρˆr +Gbdˆ↓dˆ
†
↑dˆ↑ρˆrdˆ
†
↓
−Gcdˆ†↓dˆ†↑dˆ↑ρˆrdˆ↓ +Gbdˆ↑dˆ†↓dˆ↓ρˆrdˆ†↑ −Gcdˆ†↑dˆ†↓dˆ↓ρˆrdˆ↑
+H.c.
)
+ 2
∑
σ
(FRb dˆσ ρˆrdˆ
†
σ − FRc dˆ†σ ρˆrdˆσ), (32)
7where Fλ ≡
∑
j=1,2 Fλj , and Gλ ≡
∑
j=1,2Gλj ; the su-
perscript R stands for the real part of a complex number.
Following the same procedure introduced in Sec. II, we
can find the electronic current between the quantum dot
and the 1st environment:
I1d= qeTr
((−2∑
σ
(GRc1 dˆ
†
σ dˆσ+F
R
c1
dˆσ dˆ
†
σ)−2FRb1(
∑
σ
dˆ†σ dˆσ)
2
+4(FRb1−GRb1+GRc1)dˆ†↓dˆ↓dˆ†↑dˆ↑
)
ρˆr
)
,
= −2qe
(
2FRc1ρ00 + (F
R
c1
+GRc1 + F
R
b1
)(ρ↓↓ + ρ↑↑)
+2(FRb1 +G
R
b1
)ρ22
)
, (33)
where we expand the reduced density operator as
ρˆr = ρ00|0〉〈0|+ ρ↓↓|↓〉〈↓|+ ρ↑↑|↑〉〈↑|+ ρ22|↑〉|↓〉〈↓|〈↑|
+ρ↓↑|↓〉〈↑|+ ρ∗↓↑|↑〉〈↓|. (34)
The current Id2 can be obtained similarly:
Id2 = 2qe
(
2FRc2ρ00 + (F
R
c2
+GRc2 + F
R
b2
)(ρ↓↓ + ρ↑↑)
+2(FRb2 +G
R
b2
)ρ22
)
. (35)
In the numerical simulation part, we still use the
Lorentzian spectrum:
t2jk = Λ
2Ω∆ω
b2
(ωk/Ω− 1)2 + b2 , (j = 1, 2). (36)
where for simplicity the couplings to the source and drain
are assumed to be symmetric.
FIG. 8. The currents Ist evaluated from the approximate
zeroth order ME, and plotted as a function of the chemical
potential µ1 and the energy of Coulomb interaction Ωc. The
parameters are set as ∆ω = 2piGrad/s, T = 2K, µ2 = 0,
Ω = 30 meV, and Λ = 0.014. The bandwidths are respectively
set as (a) b = 0.05; (b) b = 0.1; (c) b = 0.2; (d) b = 0.4.
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FIG. 9. The currents Ist evaluated from the approximate
zeroth order ME, and plotted as a function of the energy of
Coulomb interaction Ωc. The commonly shared parameters
are set as ∆ω = 2piGrad/s, T = 2K, µ2 = 0, Ω = 30 meV,
and Λ = 0.014. The bandwidths are respectively set as (a)
b = 0.05; (b) b = 0.1; (c) b = 0.2; (d) b = 0.4.
To make the approximation valid, we set Λ = 0.014
and b ≥ 0.05 in this subsection. In this model the
steady state of ρˆr can be fully determined by the co-
efficients Fλ and Gλ, thus we do not indicate the initial
state of the system. From Fig. 8, we can see how the
Coulomb energy Ωc influences the steady state current
Ist ≡ (I1d(t→∞) + Id2(t→∞))/2. In all the four sub-
figures which represent different bandwidths, there is a
clear line corresponding to µ1 = Ω + Ωc. In the region
of µ1 ≤ Ω + Ωc, the steady state current keeps almost a
constant value which is just the blockaded current. Fig. 9
displays some sections of Fig. 8 perpendicular to axis µ1.
We can see that, when the Coulomb interaction is ig-
nored, the steady state current is given by −9 nA, when
Ωc →∞, the steady state current converges to about 2/3
of −9nA. Before reaching 2/3 of the current Ist(Ωc = 0),
the steady state current may have higher values, which
are dependent on µ1. When µ1 increases, the overshoot
will converge to 1/2 of the current Ist(Ωc = 0).
B. Coulomb blockade in the correlated noise
situation
Suppose two quantum dots are arranged in parallel be-
tween the source and drain, and the spin degrees of free-
dom of all electrons are neglected, (the non-degeneracy
case can be achieved by adding a strong magnetic field)
8then for each electron in the environments, it has a chance
to tunnel into either dot. A schematic configuration for
this situation is shown in Fig. 10, as to be shown below,
this case will generate correlated noises.
FIG. 10. A schematic diagram of a single quantum dot with
two electrons transported between two reservoirs, each mode
of the reservoirs are coupled to both electrons simultaneously.
The Hamiltonian of the total system may be written
as
Hˆtot =
∑
ǫ=1,2
Ωǫdˆ
†
ǫdˆǫ +Ωcdˆ
†
1dˆ1dˆ
†
2dˆ2 +
∑
k,ǫ
(
dˆ†ǫ(tǫ,1kbˆ
′
1k
+tǫ,2kbˆ
′
2k) + (tǫ,1kbˆ
′
1k
† + tǫ,2kbˆ
′
2k
†)dˆǫ
)
+
∑
k
ωk(bˆ
′
1k
†bˆ′1k + bˆ
′
2k
†bˆ′2k), (37)
where HˆS =
∑
ǫ=1,2Ωǫdˆ
†
ǫ dˆǫ+Ωcdˆ
†
1dˆ1dˆ
†
2dˆ2 is the Hamilto-
nian of the dots, and Ωc is the Coulomb repulsive energy.
Again, the parameter tǫ,jk is taken as a real number rep-
resenting the coupling between the ǫth dot to the kth
mode of the jth environment (j = 1, 2).
A set of Grassmann stochastic processes can be ob-
tained by applying the purification and Bogoliubov trans-
formations to the environments,
ξ∗ǫbjt ≡ −i
∑
k
√
1− n¯jk tǫ,jkeiωktξ∗bjk
≡ −i
∑
k
tǫbjke
iωktξ∗bjk ,
ξ∗ǫcjt ≡ −i
∑
k
√
n¯jk tǫ,jke
−iωktξ∗cjk
≡ −i
∑
k
tǫcjke
−iωktξ∗cjk , (38)
which satisfy M(ξ∗ǫλjt) =M(ξ∗ǫλjtξ∗ǫ′λ′
j′
s) = 0. The noise
ξ∗ǫλjt represents the stochastic influence of the environ-
ment λj on the dot ǫ. Usually ξ
∗
ǫλjt
and ξ∗ǫ′λjs are highly
correlated, the elements of the cross correlation function
matrix is defined as
Cǫǫ′,ν(t, s) ≡M
(
ξǫνtξ
∗
ǫ′νs
)
. (39)
where the subscript ν is a short notation of λj which
represents the four possible indices b1, b2, c1, c2.
Then the equation of motion for the fermionic quantum
trajectory can be obtained:
∂t|ψt(ξ∗)〉
=
(−iHˆS+∑
ǫ,j
dˆ†ǫ(ξ
∗
ǫcjt
−
∫ t
0
ds
∑
ǫ′
Cǫǫ′,bj(t, s)
−→
δξ∗
ǫ′bjs
)
+
∑
ǫ,j
dˆǫ(−ξ∗ǫbjt+
∫ t
0
ds
∑
ǫ′
Cǫǫ′,cj(t, s)
−→
δξ∗
ǫ′cjs
)
)|ψt(ξ∗)〉.(40)
The functional derivatives in Eq. (40) can be replaced by
Q-operators:
Qˆǫν(t, s, ξ
∗)|ψt(ξ∗)〉 = −→δ ξ∗ǫνs |ψt(ξ∗)〉,
Q¯ǫν(t, ξ
∗) ≡
∫ t
0
ds
∑
ǫ′
Cǫǫ′,ν(t, s)Qˆǫ′ν(t, s, ξ
∗), (41)
Then the fermionic QSD equation is finally obtained:
∂t|ψt(ξ∗)〉 =
(− iHˆS +∑
ǫ,j
dˆ†ǫ(ξ
∗
ǫcjt
− Q¯ǫbj)
+
∑
ǫ,j
dˆǫ(Q¯ǫcj − ξ∗ǫbjt)
)
|ψt(ξ∗)〉. (42)
By a similar observation on the coupling forms of ξ∗ǫλ1t
and ξ∗ǫλ2t in Eq. (42), we conclude that the Q-operators
should satisfy: Qˆǫλ1 = Qˆǫλ2 . Thus, we may drop the
index j in Qˆǫλj from now on in this subsection.
When the couping is weak, we may use Qˆ
{0}
ǫλ to replace
the exact Q-operators, where the approximate operators
evolve according yo the following equations:
∂tQˆ
{0}
ǫλ (t, s) = [−iHˆS +
∑
ǫ,j
(dˆǫQ¯
{0}
ǫcj
− dˆ†ǫQ¯{0}ǫbj ), Qˆ
{0}
ǫλ (t, s)],
Qˆ
{0}
ǫb (t = s, s) = dˆǫ, Qˆ
{0}
ǫc (t = s, s) = −dˆ†ǫ. (43)
We expand Q¯
{0}
ǫλj
and Qˆ
{0}
ǫλ with respect to the annihila-
tion and creation operators of the dots:
Q¯
{0}
ǫbj
=
∑
ǫ′=1,2
(Fǫǫ′bj (t)dˆǫ′ +Gǫǫ′bj (t)dˆǫ′ dˆ
†
1dˆ1dˆ
†
2dˆ2)
≡
∫ t
0
ds
∑
ǫ′′, ǫ′
Cǫǫ′′,bj (t, s)
(
fǫ′′ǫ′b(t, s)dˆǫ′
+gǫ′′ǫ′b(t, s)dˆǫ′ dˆ
†
1dˆ1dˆ
†
2dˆ2
)
,
Q¯{0}ǫcj =
∑
ǫ′=1,2
(Fǫǫ′cj (t)dˆ
†
ǫ′ +Gǫǫ′cj (t)dˆ
†
1dˆ1dˆ
†
2dˆ2dˆ
†
ǫ′)
≡
∫ t
0
ds
∑
ǫ′′, ǫ′
Cǫǫ′′,cj (t, s)
(
fǫ′′ǫ′c(t, s)dˆ
†
ǫ′
+gǫ′′ǫ′c(t, s)dˆ
†
1dˆ1dˆ
†
2dˆ2dˆ
†
ǫ′
)
. (44)
By substituting these expansions into Eq. (43), we get the
9equations and boundary conditions of the coefficients:
∂t


fǫ1b
fǫ2b
gǫ1b
gǫ2b

 =


A D 0 0
C B 0 0
E 0 A+E D
0 E C B+E




fǫ1b
fǫ2b
gǫ1b
gǫ2b

 ,
∂t


fǫ1c
fǫ2c
gǫ1c
gǫ2c

 = −


A C 0 0
D B 0 0
E 0 A+E C
0 E D B+E




fǫ1c
fǫ2c
gǫ1c
gǫ2c

 ,
fǫǫ′b(t=s, s) = δǫǫ′, fǫǫ′c(t=s, s) = −δǫǫ′,
gǫǫ′λ(t=s, s) = 0, (λ = b, c), (45)
where the explicit expressions of A, B, C, D and E are
A = iΩ1 +
∑
λ,j
F11λj −
∑
j
G22cj ,
B = iΩ2 +
∑
λ,j
F22λj −
∑
j
G11cj ,
C =
∑
j
(F12bj + F21cj +G21cj ),
D =
∑
j
(F21bj + F12cj +G12cj ),
E = iΩc +
∑
ǫ,λ,j
Gǫǫλj . (46)
When the coefficients above are solved, we directly ob-
tain the zeroth order ME through the extended Novikov
theorem:
∂tρˆr = −i[HˆS, ρˆr] +
∑
ǫ,j
(
[Q¯
{0}
ǫbj
ρˆr, dˆ
†
ǫ ] + [dˆǫ, Q¯
{0}
ǫcj
ρˆr]
+H.c.
)
. (47)
Then the current I1d and Id2 can be separated from the
ME:
I1d = −2qe
(∑
ǫ
FRǫǫc1ρ00 + (F
R
11b1 + F
R
22c1 +G
R
22c1)ρ11
+(FR11c1+F
R
22b1+G
R
11c1)ρ22+
∑
ǫ
(FRǫǫb1+G
R
ǫǫb1
)ρ33
+
(
(F21b1+F
∗
12b1−F12c1−F ∗21c1−G12c1−G∗21c1)ρ12
)
R
)
,
Id2 = 2qe
(∑
ǫ
FRǫǫc2ρ00 + (F
R
11b2 + F
R
22c2 +G
R
22c2)ρ11
+(FR11c2+F
R
22b2+G
R
11c2)ρ22 +
∑
ǫ
(FRǫǫb2+G
R
ǫǫb2
)ρ33
+
(
(F21b2+F
∗
12b2−F12c2−F ∗21c2−G12c2−G∗21c2)ρ12
)
R
)
,
(48)
where the reduced density operator is expanded as
ρˆr = ρ00|0〉〈0|+ ρ11dˆ†1|0〉〈0|dˆ1 + ρ22dˆ†2|0〉〈0|dˆ2
+ρ33dˆ
†
2dˆ
†
1|0〉〈0|dˆ1dˆ2+ρ12dˆ†1|0〉〈0|dˆ2+ρ∗12dˆ†2|0〉〈0|dˆ1.
(49)
When the resonance condition is satisfied Ω1 = Ω2,
it is easy to see that the steady state current will be
affected by the initial condition of ρˆr, which is different
from the model in the previous subsection. In numerical
simulations, we use such a Lorentzian spectrum form:
t2ǫ,jk=
∑
ǫ=1,2
Ωǫ
2
· Λ
2∆ωb2
(ωk/Ωǫ − 1)2 + b2 , (ǫ, j=1, 2). (50)
With the chosen spectrum, when the resonance condi-
tion is valid (Ω1 = Ω2), then all the four components
in the cross correlation function are identical: C11,λj =
C12,λj = C21,λj = C22,λj . By substituting these relations
into Eq. (45) and (46), we get f11λ = f12λ = f21λ = f22λ,
g11λ = g12λ = g21λ = g22λ, F11λj = F12λj = F21λj =
F22λj and G11λj = G12λj = G21λj = G22λj . To sim-
plify the notation, we drop the first two indices of the
above coefficients. With these symmetries, Eq. (48) can
be simplified to
I1d = −4qe
(
FRc1ρ00 + (F
R
b1
+ FRc1 +G
R
c1
)
ρ11 + ρ22
2
+(FRb1 +G
R
b1
)ρ33 + (F
R
b1
− FRc1 −GRc1)ρR12
)
,
Id2 = 4qe
(
FRc2ρ00 + (F
R
b2
+ FRc2 +G
R
c2
)
ρ11 + ρ22
2
+(FRb2 +G
R
b2
)ρ33 + (F
R
b2
− FRc2 −GRc2)ρR12
)
. (51)
Due to the restriction on fermionic density operators,
we only need to consider some of the matrix elements,
which can be rearranged into a row vector, then the ME
may be written as
∂t
[
ρ00 ρ11 ρ22 ρ33 ρR12 ρ
I
12
]
=
[
ρ00 ρ11 ρ22 ρ33 ρR12 ρ
I
12
]
MT,
(52)
where the superscript T denotes the transpose of a ma-
trix, and M -matrix is of the form:
M =


2A B B 0 2B 0
−A C−B 0 F −C−B −D−E
−A 0 C−B F −C−B D+E
0 −C −C −2F 2C 0
−A −(C+B)/2 −(C+B)/2 −F C−B 0
0 (D+E)/2 −(D+E)/2 0 0 C−B


. (53)
The explicit expressions of the coefficients in M are
A ≡ 2(FRc1 + FRc2), B ≡ 2(FRb1 + FRb2),
C ≡ 2(FRc1 +GRc1 + FRc2 +GRc2),
D ≡ 2(F Ic1 +GIc1 + F Ic2 +GIc2),
F ≡ 2(FRb1 +GRb1 + FRb2 +GRb2), E ≡ 2(F Ib1 + F Ib2), (54)
where the superscript I stands for the imaginary part of
a complex number.
The rank of M contains a wealth of information about
the steady-state Coulomb blockade. M is generally a
rank four matrix, however, the rank can be five when
the resonance condition is satisfied, which reduces to the
degeneracy case considered in the previous subsection.
Therefore, we will be focused on the rank four case where
the steady state current Ist≡(I1d(t→∞)+Id2(t→∞))/2
is shown to be sensitively dependent on the initial state
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ρˆr(0). Clearly, by the linearity of MEs, we only to
consider the steady states of a complete basis of ρˆr(0),
which can generate an arbitrary initial ρˆr(0) by a con-
vex combination. For a reason to become clear later, we
select following eight specific initial states as the basis
(i = 1, ..., 8):


ρ00,i(0)
ρ11,i(0)
ρ22,i(0)
ρ33,i(0)
ρR12,i(0)
ρI12,i(0)


=


1
0
0
0
0
0


,


0
0.5
0.5
0
0.5
0


,


0
1
0
0
0
0


,


0
0
1
0
0
0


,


0
0.5
0.5
0
0
0.5


,


0
0.5
0.5
0
0
−0.5


,


0
0
0
1
0
0


,


0
0.5
0.5
0
−0.5
0


,
(55)
Obviously, the choice of a basis is not unique. In Fig. 11,
we show that the eight initial basis states may be divided
into three groups. The group I consists of first two initial
vectors in Eq. (55), Group II contains four initial states
ranging from 3 to 6; Group III contains the rest two
initial states (7,8). As seen from Fig. 11, the initial states
in each group will lead to the identical steady states,
that is, Ist,1 = Ist,2, Ist,3 = Ist,4 = Ist,5 = Ist,6, and
Ist,7 = Ist,8, where the index i in Ist,i denotes the ith
initial state of ρˆr in Eq. (55). From Fig. 11, we can see
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FIG. 11. The currents Ist evaluated from the approximate
zeroth order ME, and plotted as a function of the energy of the
Coulomb interaction Ωc. The commonly shared parameters
are set as ∆ω = 2piGrad/s, T = 2K, µ1 = 35 meV, µ2 = 0,
Ω1 = Ω2 = 30 meV, and Λ = 0.014. The bandwidths are
respectively set as (a) b = 0.05; (b) b = 0.1. The initial
conditions of ρˆr are set by following Eq. (55).
that when Ωc = 0 all the initial states lead to the same
steady state current. When Ωc 6= 0, there is no Coulomb
blockade effect in Group I. However, it is interesting to
notice that in Group III, Ist is blockaded monotonically
with respect to Ωc, and it can be blockaded to 0 when
Ωc is high enough. In Group II, Ist is also blockaded
monotonically, however it can only be blockaded to near
half of the original value Ist(Ωc = 0).
In order to get a more detailed picture about the
Coulomb blockage for different coulomb coupling ener-
gies, Figs. 12 and 13 are plotted to show how Ωc influ-
ences Ist with different chemical potential µ1 and the
bandwidth b. Different from the spin degeneracy case
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FIG. 12. The currents Ist corresponding to Group II of ρˆr(0)
evaluated from the approximate zeroth order master equa-
tion, and plotted as a function of the energy of the Coulomb
interaction Ωc. The parameters are set as ∆ω = 2piGrad/s,
T = 2K, µ2 = 0, Ω1 = Ω2 = 30 meV, and Λ = 0.014. The
bandwidths are respectively set as (a) b = 0.05; (b) b = 0.1;
(c) b = 0.2; (d) b = 0.4.
(see Fig. 9), the blockade is always monotonic with re-
spect to Ωc. Particularly, we notice the similarity be-
tween the curves in Fig. 12 and curves in Fig. 13. In
fact, we can show that the currents Ist,3 and Ist,1 + Ist,7
in Fig. 14 are approximately equal, that is, 2Ist,3 =
Ist,1 + Ist,7.
More theoretical analysis of three groups of initial
states can shed light on the steady state classifications.
From Eq. (51) we see that due to the symmetry of the
resonance the currents I1d and Id2 only involve some el-
ements of ρˆr: ρ00, (ρ11+ ρ22)/2, ρ33, and ρ
R
12. According
to Eq. (52) and (53), a set of closed equations can be
found for these elements:
∂t


ρ00
ρ+
ρ33
ρR12

 =


2A 2B 0 2B
−A C−B F −C−B
0 −2C −2F 2C
−A −C−B −F C−B




ρ00
ρ+
ρ33
ρR12

, (56)
where ρ+ ≡ (ρ11 + ρ22)/2. Obviously, from Eq. (51)
and (56), we can derive: I1d,3(t) = I1d,4(t) = I1d,5(t) =
I1d,6(t), and Id2,3(t) = Id2,4(t) = Id2,5(t) = Id2,6(t),
where I1d,i and Id2,i (i = 1, ..., 8) denote the currents
corresponding to the eight initial states mentioned in
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FIG. 13. The currents Ist corresponding to Group III of ρˆr(0)
evaluated from the approximate zeroth order master equation,
and plotted as a function of the energy of the Coulomb in-
teraction Ωc. The parameters are set as ∆ω = 2piGrad/s,
T = 2K, µ2 = 0, Ω1 = Ω2 = 30 meV, and Λ = 0.014. The
bandwidths are respectively set as (a) b = 0.05; (b) b = 0.1;
(c) b = 0.2; (d) b = 0.4.
Eq. (55). Eq. (56) can be separated into two parts:
∂t
[
ρ+−ρR12
ρ33
]
= 2
[
C F
−C −F
] [
ρ+−ρR12
ρ33
]
, (57)
∂t
[
ρ00
ρ++ρ
R
12
]
= 2
[
A B
−A −B
] [
ρ00
ρ++ρ
R
12
]
. (58)
When i = 7, 8, the initial states satisfy ρ00(0) = ρ+(0) +
ρR12(0) = 0, then according to the linearity of Eq. (58),
we have ρ00(t) = ρ+(t)+ρ
R
12(t) = 0. Thus, Eq. (57) turns
into
∂t
[
2ρ+
ρ33
]
= 2
[
C F
−C −F
] [
2ρ+
ρ33
]
, (59)
and the trace formula of the ρˆr(t) turns into 2ρ++ρ33 =
1. By combining Eq. (59) and the trace formula, we can
conclude that the four elements of ρˆr(t) in Eq. (56) corre-
sponding to the 7-th and 8-th initial states will converge
to the same steady states: ρ+(t→∞) = −ρR12(t→∞) =
Fst/(2(Fst − Cst)), ρ33(t→∞) = Cst/(Cst − Fst), and
ρ00(t) = 0, where the subscript st denotes the steady
value of a coefficient. Thus, we have Ist,7 = Ist,8.
A similar analysis can be done for Group I with i =
1, 2. Then ρ33(t) = 0, and ρ+(t) = ρ
R
12(t) will be ob-
tained. The steady states in these cases are given by:
ρ00(t → ∞) = Bst/(Bst − Ast), ρ+(t → ∞) = ρR12(t →
∞) = Ast/(2(Ast − Bst)). So we have Ist,1 = Ist,2, and
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FIG. 14. The combination relation of the steady state cur-
rents which are evaluated from the approximate zeroth order
master equation. The parameters are set as ∆ω = 2piGrad/s,
T = 2K, µ2 = 0, Ω1 = Ω2 = 30 meV, and Λ = 0.014. The
bandwidths are respectively set as (a) b = 0.05; (b) b = 0.1;
(c) b = 0.2; (d) b = 0.4.
ρ33(t) = 0. Since ρ33 remains zero for the entire evolu-
tion, hence the Coulomb blockade effect does not take
place in Group I.
In Eq. (55), we can see that ρˆr,3(0)+ ρˆr,4(0) = ρˆr,2(0)+
ρˆr,8(0). Due to the linearity of the ME and the expres-
sions in Eq. (51), we can conclude that Ist,3 + Ist,4 =
Ist,2 + Ist,8. Then, by combining the conclusions about
the three groups of the initial states, the relation 2Ist,3 =
Ist,1 + Ist,7 can be obtained.
IV. CONCLUSIONS
We have applied the NMSSE approach to derive the
ME for the density operator of a quantum dot coupled
to its fermionic environments. We have also derived an
approximate ME valid to the zeroth order perturbation.
We emphasize that the zeroth order perturbation effec-
tively ignores the noise terms, but still retains higher or-
der coupling strength terms, hence it render the pertur-
bation method a very useful tool in describing a weakly
non-Markovian dynamics. A higher order noise perturba-
tion beyond the zeroth order approximation is possible
if a highly non-Markovian environment is involved and
more computational resources are available.
With both the exact and approximate methods, the
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current between the quantum dots and the source and
drain has been discussed. The effect of the Coulomb in-
teraction between the electrons has been discussed on
the transport between the quantum dots and the source
and drain. We have found that in the spin degeneracy
case when µ1 is sufficiently large, the steady state current
may not be monotonically blockaded with respect to the
Coulomb energy. In a specific correlated noise case, we
have found that the steady state current may sensitively
depend on the initial state of the quantum dots. More
specifically, we have shown that there is a class of ini-
tial states (Group I states) for those states the Coulomb
blockade does not occur, and for Group III states the
maximal Coulomb blockade is observed. All the other ini-
tial states can be described by the combination of Group
I and Group II states.
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Appendix A: The algorithm for the evaluation of the
coefficients Fij of the exact ME
The coefficients Fij are defined as
Fij(t) ≡
∫ t
0
ds[Kbj (t, s)u
b
i (t, s)−K∗cj(t, s)uci (t, s)], (A1)
where uλi are the coefficients in the expansions of
M(QˆλPˆ ):
M(Qˆb(t, s, ξ∗)Pˆ )=ub1(t, s)dˆρˆr(t) + ub2(t, s)ρˆr(t)dˆ,
M(Qˆc(t, s, ξ∗)Pˆ )†=−uc1(t, s)dˆρˆr(t)− uc2(t, s)ρˆr(t)dˆ.(A2)
When the correlation functions satisfy Kλj (t + τ, s +
τ) = Kλj (t, s), the coefficients Fij can be constructed
via the basic solution u. Here we only list the main re-
sults without showing too many details. We define the
correlation functions: Kλj (t − s) ≡ Kλj (t, s), Kλ(t) ≡∑
j=1,2Kλj (t), K(t) ≡ Kb(t) +K∗c (t). u is the solution
of the integro-differential equation:
∂tu(t) = iΩu(t)−
∫ t
0
dsK(s−t)u(s), u(t=0)=1. (A3)
Then Fij can be constructed through the algorithm:
F1j=Aj(t)−Bj(t) +
C1j(t)
(
1−D2(t)
)
+C2j(t)D1(t)
u∗(t)
,
F2j=Aj(t)−Bj(t)−
C1j(t)D2(t)+C2j(t)
(
1−D1(t)
)
u∗(t)
.
(A4)
Cij can be generated from
C1j(t) ≡
∫ t
0
dsKbj (t− s)u∗(s),
C2j(t) ≡
∫ t
0
dsK∗cj(t− s)u∗(s). (A5)
Aj and Bj can be obtained from solving equations:
∂tAj(t) = C1j(t)C
∗
2 (t) + u(t)
∫ t
0
dsK∗c (t− s)C1j(s),
∂tBj(t) = C2j(t)C
∗
1 (t) + u(t)
∫ t
0
dsKb(t− s)C2j(s).(A6)
D1 and D2 can be obtained from solving equations:
∂tD1(t) = 2
(
u(t)
∑
j
C1j(t)
)R
,
∂tD2(t) = 2
(
u(t)
∑
j
C2j(t)
)R
. (A7)
When the model contains lots of symmetries, the cur-
rent can be obtained even without solving the ρˆr. Ac-
cording to Eq. (19), the average current can be obtained
from
I(t) ≡ (I1d+Id2)/2 = qe
(
(FR22−FR21)ρ00 + (FR12−FR11)ρ11
)
.
(A8)
By utilizing the trace formula of the reduced density op-
erator: ρ00 + ρ11 = 1, Eq. (A8) can be rewritten as
I/qe =
(F22 − F21 + F12 − F11)R
2
+
(F12 − F11 − F22 + F21)R(ρ11 − ρ00)
2
. (A9)
By substituting Eq. (A4) into the above equation, we get
F12−F11−F22+F21
=
C12 − C11 + C22 − C21
u∗
=
∫ t
0 ds
(
Kb2(t−s)+K∗c2(t−s)−Kb1(t−s)−K∗c1(t−s)
)
u∗(s)
u∗(t)
.
(A10)
And we know that Kbj +K
∗
cj
is equal to the correlation
function in the vacuum case, explicitly for each j, we
have
Kbj (t− s) +K∗cj (t− s)
=
∑
k
|tjk|2(1− n¯jk)e−iωk(t−s) +
∑
k
|tjk|2n¯jke−iωk(t−s)
=
∑
k
|tjk|2e−iωk(t−s). (A11)
Thus, when t1k = t2k, we haveKb1+K
∗
c1
= Kb2+K
∗
c2
. In
such a case, F12−F11−F22+F21 = 0, and the expression
of the average current in Eq. (A9) can be simplified:
I(t) = qe(F22 − F21 + F12 − F11)R/2. (A12)
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